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Abstract 

In this paper we prove new qualitative features of solutions of KdV on the 
circle. The first result says that the Fourier coefHcients of a solution of 
KdV in Sobolev space , N > 0, admit a WKB type expansion up to 
first order with strongly oscillating phase factors defined in terms of the 
KdV frequencies. The second result provides estimates for the approxima- 
tion of such a solution by trigonometric polynomials of sufficiently large 
degree. 
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1 Introduction 

Consider the Korteweg-de Vries equation (KdV) 

dtu — ~d^u + GudxU (1) 

on the circle T = M/Z. It is globally in time well-posed on the Sobolev spaces 
= H^{T,M.) with N > —1. The aim of this paper is to describe new 
qualitative features of periodic solutions of KdV. First note that in contrast 
to solutions on the real line, periodic solutions do not have a special profile 
decomposition as t ^ ±oo. Our main point of interest, related to the numerical 
experiments of Fermi, Pasta, and Ulam of particle chains, is to know how the 
distribution of energy among the Fourier modes evolves. A partial result in 
this direction says that due to the integrals provided by the KdV hierarchy, 
the Sobolev norms of smooth solutions stay bounded uniformly in time. In this 
paper we make further contributions to the study of how the Fourier coefficients 
Un{t) = Jq u(i, a;)e~^'^™^da; of a solution u{t,x) of H]) evolve in time. Our first 
result aims at describing dispersion phenomena for solutions of KdV by studying 
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how Un{t) evolve for \n\ large. More preeisely, we want to investigate if Un{t) 
admits a WKB type expansion of the form 

Unit) = e'-"* (^a„(i) + ^ + . . . ^ , (2) 

where e™"* is a strongly oscillating phase factor with frequency w„ and the 
coefficients a„(f), bn{t), . . . vary more slowly and satisfy the estimates 

Y,n^^\an{t)\^ < oo and ^n2^|6„(t)|2 < oo. 

To state our result more precisely, denote by w„, n > 1, the KdV frequencies of 
u{t). Let us recall how they are defined. The KdV equation can be written as 
a Hamiltonian PDE with phase space and Poisson bracket 

{F,G}{q):= I dFd^dGdx (3) 
Jo 

where F, G are C^-functionals on and dF denotes the L^-gradient of F. Then 
KdV takes the form dtu = OxduH where % is the KdV Hamiltonian 

In terms of this set-up, the w„'s are given by 

Here we use that % can be expressed as a real analytic function of the action 
variables /„, n > 1, so that the partial derivatives diJH arc well defined - see 
below for more details. Alternatively, w„ can be viewed as a function of g, 
which by a slight abuse of terminology, we also denote by w„. Clearly, for any 
n > 1, LOn{u{t)) is independent of t and depends in a nonlinear fashion on u(0). 
It is convenient to introduce 

U-n ■= —oJn Vn e Z>i and := 

and to denote the KdV flow by 5*, i.e., 5*(u(0)) = u{t). In addition, let 

R\u{Q)) := 5*(u(0)) - ^ e''""*tt„(0)e2'^'"^ 
nez 

where for any n e Z, a;„ = aj„(u(0)) . 

Theorem 1.1. For q u{0) e , N e Z>a, the error i?* (q) of the approxi- 
mation X)nez °f fl^'^ f^^^ following properties: 

(i) i?* : — >■ H^^^ is continuous; 

(ii) for any q G , the orbit t e IR} is relatively compact in H^^^ ; 
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(in) for any M > 0, the set of orbits {R\q)\ t e R, q e H^, WqWh^ < M} is 
bounded in H^^^; 

(iv) if in addition N G Z>i, then dtR^ '■ — > H^^^ is continuous and 
for any q G , the orbit {dtR*{q)\t G M} is relatively compact in 
H^"^. Moreover for any M > the set of orbits {dtR\q)\t G R, q G 
, \\q\\H« < M} is bounded m H^~^. 

Remark 1.1. Actually, one can prove that for any c G M, the restrictions of 
i?* and dtR* to the affine subspace = {q G q{x)dx = c} are real 

analytic. See Remark \6.1\ for a precise statement. 

Remark 1.2. In case u(0) is a finite gap potential, there are formulas, due 
to Rs-Matveev '5^, for the frequencies w„ in terms of periods of an Abelian 
differential, defined on the spectral curve associated to u(0). These formulas 
can be extended to potentials in , N > —1, - cf \14^ . Alternative formulas 
can be found in J Id], Appendix F. 

Remark 1.3. Note that the frequencies UJn depend on the initial conditions 
in a nonlinear way. The statement of Theorem \l.l\ no longer holds if the KdV 
frequencies aj„ are replaced by their linearization at 0, i.e., by (27rn)^, confirming 
the belief of experts in the field that solutions of KdV on the circle are not 
approximated by linear evolution over a time interval of infinite length - see 0/ 
for results on linear approximations of solutions over finite time intervals. 

In terms of ttie above WKB ansatz ([2]), Theorem 11.11 savs that with w„ := w„ 
and an{t) :— Wn(0), the remainder term 

Pn{t) b„{t) + ---:=n- (e-''^"*w„(0 - u„(0)) = ni?,\(u(0))e-*'^"* 

satisfies "-^^IPnC^)!^ < °° ^^-^ in case N G Z>i, 

^n2(^-2)|5,p„(t)p<oo. (4) 

As the asymptotics of the KdV frequencies are given by aj„ = Svr^ri'^ + 0{n) (cf 
formula (|97|) in Section[6]) estimate (jlj quantifies the assertion that (p„(t))„gz 
varies more slowly than {un(t))n&- 

The second result of this paper concerns the approximation of KdV solutions by 
trigonometric polynomials. For any L G Z>i, denote by Pl '■ ^ the L^- 
orthogonal projection of — i?°(T, R) onto the 2L + 1 dimensional R- vector 
space generated by e^^™^, \n\ < L. 

Theorem 1.2. Let N G Z>o be arbitrary. Then for any M > and e > there 
exists Lf^M > 1 such that for any u{0) G , with \\u{0)\\[jn < M, L > L^^m 
and any t G R 

\\{Id-PL)u{0)\\HN-e< \\{Id~PL)u{t)\\HN < \\iId~PL)u{0)\\HN +e. 

In particular, if w(0) with \\u{0)\\hn < M is a trigonometric polynomial of 
order Li,, then for any L > max{Li,, Li^^m), PLu(t) approximates u{t) uniformly 
in t ^TS. up an error of size e. 
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Remark 1.4. The proof of Theorem shows that for any \n\ > L^ m o,nd 
\\u{0)\\„N <M, 

\un{0)\ - e < \Mt)\ < l"«(0)| + e yteR. 

It means that for \n\ sufficiently large, the amplitude of the n'th Fourier mode 
is approximately constant, uniformly on bounded sets of . 

Remark 1.5. It follows from the proof of Theorem ] 1.1\ that corresponding re- 
sults hold for the flow of any Hamiltonian in the Poisson algebra of KdV. In 
particular, this is true for the flows of Hamiltonians in the KdV hierarchy. 

The main ingredient of the proofs of Theorem 11.11 and Theorem 11.21 are 
refined asymptotics of the Birkhoff map of KdV. This map provides normal 
coordinates, allowing to solve KdV by quadrature. Let us recall its set-up. 
First note that the average of any solution u{t) = u{t,x) of KdV in is a 
conserved quantity. In particular, for any c € R, KdV leaves the subspaces 
= H^{T, R) of iJ^ invariant where 

i/f = {p{x) = ^J5„e2""^ Ipo = c; < ^; p_„ = ^ Vn G z} 

with 

In the case = 0, we often write for 11° and ||p|| instead of ||p|lo- To describe 
the normal coordinates of KdV, let us introduce for any a G R the R-subspace 
[)" of given by 

[)" {z = (z„)„^o e z_„ = z„Vn > l} 

where 

f-" = ^2-"(Zo,C) {z = (z„)„^o| INL < oo} > 
Zo := Z\ {0}, and 

The space t)" is endowed with the standard Poisson bracket for which {z„, z_„} = 
— {z_„,z„} = 2i for any n > 1 whereas all other brackets between coordinate 
functions vanish. Furthermore we denote by = {T, C), L'^^ = Lq{T, C) 
and t)c the complexification of the spaces , Lq, and f)". Note that i)^ = 
£^'"(Zo,C). A detailed proof of the following result can be found in [10] - cf 
also [S]. 

Theorem 1.3. There exist an open neighbourhood W of Lq in Lq^ and a real 

1 /2 

analytic map ^ : W ^ l)^ with the following properties: 

(BCl) For any N £ Z>o, the restriction of ^ to is a canonical, bianalytic 
diffeomorphism onto t)"'^+^/^. 



4 



(BC2) When expressed in the new coordinates, the KdV-Hamiltonian T-L o , 
defined on l)^^^ , is a real analytic function of the action variables In = 
(z„z_„)/2, n> 1 alone. 

(BC3) The differential $o = of ^ at is the weighted Fourier transform, 

^oih)=l^=hA (5) 




The coordinates z„, n ^ 0, are referred to as (complex) Birkhoff coordinates 
whereas $ is cahed Birkhoff map. Note that in [10] the Birkhoff map is defined 
slightly differently by setting to be {xn,yn)n>i where Xn = {zn + z_„)/2 
and y„ — i(z„ — z^n)/2. The fact that KdV admits globally defined Birkhoff 
coordinates is a very special feature of KdV. In more physical terms it says 
that KdV, when considered with periodic boundary conditions, is a system of 
infinitely many coupled oscillators. 

Remark 1.6. A result similar to the one of Theorem ] l.Sl holds for the defocusing 
NLS equation. A detailed proof can be found in H I. Cf also I20f . 



The key ingredient of the proofs of Theorem 11.11 and Theorem 11.21 is the 
following result on the asymptotics of the Birkhoff map, which has an interest 
in its own. 

Theorem 1.4. For N G Z>o,, there exists an open neighbourhood Wn of 
in H^f^ nW so that $ — $o maps Wn into ()^^'^^^ and, as a map from Wn to 
^C^^^'^ ' is analytic. Here W is the neighbourhood of Lq in of Theorem \1.3[ 
Furthermore, the restriction A := — ^q)^jjn : — > (^^+3/2 ig g bounded 
map, i.e. it is bounded on bounded subsets of . 

Remark 1.7. In 1231 a result similar to the one stated in Theorem \1.4\ is proved 
for the Birkhoff map of KdV constructed in J^, where the phase space is endowed 
with the Poisson bracket introduced by Magri. As an application, a correspond- 
ing result is then derived for the modified Korteweg-de Vries equation (mKdV) 
on with N > 1. Indeed, it was shown in Ulf that the Miura map f f +f^ 
canonically embeds the symplectic leaves of the phase space of mKdV, endowed 
with the Poisson bracket into the phase space of KdV, endowed with the 
Magri bracket. (For a detailed study of the Miura map see 113].) As a con- 
sequence, results similar to the ones of Theorem \1.1\ and Theorem \1.2\ can be 
proved for mKdV - see 



Remark 1.8. We expect that similar results as the ones of Theorem \1.4\ can 
be proved for the defocusing NLS equation. As a consequence, results similar to 
the ones of Theorem \l.l\ and Theorem \1.2\ are expected to hold for this equation. 



Remark 1.9. The asymptotic estimates obtained to prove Theorem \1.4\ can be 

used to derive a formula of the differential of the Birkhoff map ^ at q = by 
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a short calculation (cf Appendix A). In addition they can be used to get a short 
proof of the Frcdholm property of the differential of $ at any q S ( Corollary 

Remark 1.10. Normalizing transformations such as the Birkhoff map are often 
viewed as nonlinear versions of the Fourier transform. In the case of KdV, 
Theorem \1.4\ provides a qualitative statement in this respect, saying that ^ is a 
weakly nonlinear perturbation of the (weighted) Fourier transform. 

Related results Recently, Kuksin and Piatnitski initiated a study of random 
perturbations with damping of the KdV equation [18] , [16] . More precisely they 
are interested, how the KdV-action variables evolve under certain perturbed 
equations. For this purpose they express the perturbed KdV equation in nor- 
mal coordinates. Up to highest order, it is a linear differential equation if the 
nonlinear part $ — $o of the Birkhoff map is 1-smoothing, i.e. if it maps 
to for any > 0. In their recent paper, Kuksin and Perelman 17 suc- 

ceeded in showing that on a neighbourhood U of the equilibrium point q — 0, 
there exists a canonical, real analytic diffeomorphism 4' : f/ — )■ F with 1/ C t)^/^ 
a neighbourhood of in f)^/^ providing Birkhoff coordinates for KdV so that 
\E' — 4'o is 1-smoothing where denotes the linearization of ^I^ at q = and co- 
incides with $0- They obtain the map ^ by generalizing Eliasson's construction 
of a Birkhoff map near an equilibrium point of a finite dimensional integrable 
system to a class of integrable PDEs including the KdV equation. In order to 
apply Eliasson's construction, Kuksin and Perelman need coordinates for the 
KdV equation, provided in 6 , as a starting point. Eliasson's construction is 
based on Moser's path-method and, in general, cannot be extended to get global 
coordinates. However, for the study of random perturbations of KdV in |16j . 
global Birkhoff coordinates for KdV are needed. In [17 , it was conjectured that 
there exists a globally defined Birkhoff map ^ so that Vl* — 4'o is 1-smoothing. 
Note that Birkhoff maps are not uniquely determined. Theorem 11.41 confirms 
that this conjecture holds true and that ^> can be chosen to be the Birkhoff map 
of Theorem 11.31 

The paper is organized as follows. In Section 2 we review asymptotic estimates 
of various spectral quantities, obtained in [12) . In Section 3 and Section 4, these 
estimates are used to improve on asymptotic estimates of actions, angles, and 
Birkhoff coordinates, obtained in [T0|. In Section 5 we show Theorem 11.41 and 
in Section 6, Theorem 11.11 and Theorem 11.21 are proved. 

If not stated otherwise we will use the notions and notations introduced in [10] . 
For the convenience of the reader we now recall the ones most frequently used in 
this paper. For q in Lq j,, the Schrodinger operator Lg :— —d^ + q, considered on 
the interval [0, 2] with periodic boundary conditions, has a discrete spectrum, 
consisting of a sequence of complex numbers bounded from below. We list them 
lexicographically and with algebraic multiplicities, 

Ao ^ Ai ^ A2 ^ A3 ^ . . . 
where two complex numbers a, 6, are ordered lexicographically, a ^ &, if [Re a < 
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Re b] or [Re a = Re 6 and Im a < Im b] . These eigenvalues satisfy the asymp- 
totics 

(A2„ - n27r2)„>i, (A2„-i - n'^Tr'^)n>i € £^ 
or, expressed in a more convenient form, 

vahd uniformly on bounded subsets of Lq ^. In particular, this means that for 
any R> there exists r > so that for any q £ L^^, with < R, 

|Afc -n^TT^I < TTT^ Vfc e {2n,2n- 1}, Vn > 1. (6) 

For real q, the periodic eigenvalues are real and satisfy 

Ao < Ai < A2 < A3 < A4 < . . . . 

Restricting ourselves to a sufficiently small neigbourhood W of in L^^, we 
can always ensure that the closed intervals 

G„ = {(l-t)A2„-i+a2„|0<i<l}, n>l, 

as well as 

Ga = {t + Xa\ -00 < t < 0} 

are disjoint from each other. By a slight abuse of terminology, for any n > 1, 
we refer to the closed interval Gn as the n'th gap and to 7„ A2n — A2n-i, 
as the rt'th gap length. We denote by r„ the middle point of G„, r„ = (A2ri + 
A2n-i)/2. Due to the asymptotic behaviour of the periodic eigenvalues, the G„'s 
admit mutually disjoint neighbourhoods C C with G„ C {/„ called isolating 
neighbourhoods. Moreover, inside each J7„, we choose a circuit r„ around G„ 
with counterclockwise orientation. Both J7„ and r„ can be chosen to be locally 
independent of q. For g in a sufficiently small neighbourhood W of Lg in ci 
the C/„'s with n > Uq, uq = nolq) sufficiently large, can be chosen to be discs, 
Un = {X ^ C| I A — n^TT^I < rTT^}, where < r < no and no, r are chosen so large 
that ^ holds. Such neighbourhoods will be called isolating neighbourhoods 
with parameters ng > 1 and r > 0. In the course of this paper, W will be 
shrunk several times, but we continue to denote it by W. 
By A(A) = A(A, q) we denote the discriminant of — + q, 

A(A) =trM(l,A) 

where M{x,X) is the 2x2 matrix whose columns A), y^(x, A))^, i = 1,2, 

are solutions of — y" + qy ~ Xy with Af(0, A) = Id2x2- The function A(A) is 
entire and A^(A) — 4 has a product representation (see [TU], Proposition B.IO) 

A^X) 4 = 4(Ao - A) n (7) 
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where iTk = fcvr for any fc > 1 . For q in ig ^ , we also need to consider the 
operator — + g on [0, 1] with Dirichlet or Neumann boundary conditions. The 
corresponding spectra are again discrete, consisting of sequences of complex 
numbers, bounded from below. They are referred to as Dirichlet, respectively 
Neumann eigenvalues. We list them lexicographically and with their algebraic 
multiplicities 

Ml ^ ^ ■ • • and 770 ^ 771 ^ 772 . . . . 
They satisfy the asymptotics 

2 2 I »2 

valid uniformly on bounded subsets of igc- ^'^^ '"'^^^ 1' ^^'^ Dirichlet and the 
Neumann eigenvalues are real and satisfy 

Ai < Ml < A2 < A3 < /i2 < A4 < . . . and 770 < Aq < Ai < 771 < A2 < . . . . 

Restricting ourselves to a sufficiently small neighbourhood W of Lq in ig C) we 
can assure that for any q ^ W there exist isolating neighbourhoods C/„ C C so 
that fJ-rnVn G Un, n > 1, whereas Ag and ryg are not contained in any of the 
UnS. Isolating neighbourhoods with this additional property can be chosen to 
be locally independent of q. 

Finally let us recall the notion of the s-root, introduced in 10 . For a, 6 e C, we 
define on C \ {(1 — t)a + tb \ < t < 1} the s-root of (6 — A)(A — a), determined 
by setting for A g C with |A — r| > |6 — a\ 

i/ib-\){\-a) ^ iiX - t) Vl - u;2 

where t = (5 + a)/2 and w = {b — a)/2{\ — r) - see figure 2, p 62 in [TU] . 
showing a sign table. Here VA denotes the principal branch of the square root 

on C \ (—00, 0] characterized by, 

VA > for A > 0. 

Throughout the paper, log A denotes the principal branch of the logarithm, 
defined on C \ (— 00, 0]. In particular, log 1 = 0. 

2 Prerequisites 

In this section we review the asymptotic estimates of various spectral quantities, 
established in [12] which are needed for the proof of Theorem 11.41 The results 
concern the asymptotics of the Floquet exponents (K„)n>i, the Dirichlet eigen- 
values (Ai„)„>i, the Neumann eigenvalues (77„)„>g, and the periodic eigenvalues 
(An)n>o of the Schrodinger operator — c?^ -I- q for a potential q in H^^ as well 
as the asymptotics of ^f^ = (A2„ - A2„_i)^ and r„ = (A2„ -|- A2„-i)/2, n>\. 
Recall that for g in Lg j^,, 

= 71^7r^ + ^nJ ^7" = "^""^ + ^nd A2n, A2n-1 = "^TT^ + • 
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For /, 5 in L^, let ^ 

{f,g) = / f{x)g{x)dx. 
Jo 

In particular, {q, e^'^**^^) = q[x)e^'^^'^^^ dx denotes the k'tli Fourier coefficient 
of q. The following asymptotics are known among experts in the field. 

Theorem 2.1. Let q he in H^^ with N E Z>o. Then 

fj,n=mn- {q, cos 2TTnx) + ^^^^ £l (8) 

Vn ^mn + {q, cos 2Tmx) + ^^^^^ (-n (9) 

uniformly on bounded subsets of potentials in H^^,. The quantity m„ is of the 
form 

rnn = n\^+ ^ C2j-^ (10) 

2<2j<N+l 

with coefficients C2j which are independent of n and N and given by integrals of 
polynomials in q and its derivatives up to order 2j — 2. 

Remark 2.1. The asymptotics ^ are proved in U9f and the uniform bound- 
edness of the error in ([8|) is shown in \22^ . A simple and self-contained proof of 
Theorem 2. 1 can be found in 



Using similar arguments as in the proof of Theorem 12 . II corresponding estimates 
for the periodic eigenvalues have been proved in |12j . 

Theorem 2.2. Let q be in H^f, with N e Z>o- Then 

{A2„, \2n-1} = ± y qnq-n + ^^5^^^ + (11) 

uniformly on bounded subsets of potentials in H^^. Again, is the expression 
defined in (fH 



Remark 2.2. A proof of the asymptotic estimate but not of the uniform 

boundedness of the error terms, can be found in fl9^ . 



Unfortunately, the asymptotics of Theorem 12.21 do not suffice for our purposes. 
Actually we need estimates of 7^ = (A2n — A2,i-i)^ and r„ — (A2„ + A2„-i)/2, 
n > 1 which are better than the ones obtained from Theorem 12.21 

Theorem 2.3. Let N E Z>o. Then for any q in Hq^, 

= ^nq-n + ^^^t (12) 

uniformly on bounded subsets in H^^. 
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Proof. The claimed estimate follows from Theorem 1.2 in [5!- In the case at 
hand it says that 



mm 

± 



7„ ± 2yJ p{n)p{-n) 



1 



N+l n 



(13) 



uniformly on bounded sets of H^^^. Here the sequence {p{n))n£Z is given by 

p{n) := (q,e2— )+/3i(n) 

with 

:= ;^ E 



n — k 



n + k 



Then 



|7^-4(g,e2™-)(g,e-2™")| 



< |7,1-4p(n)p(-n)| +4|p(n)p(-n) - (g, e^^™^) (g, e^^™^) | . (14) 
Note that 

7^ - Mn)p{-n) = (^7„ + en2 p{n)pi-n)j (^7„ - e„2A/p(n)p(-n)) , 
where e„ G {+, — } is chosen such that 

7„ ± 2yJ p{n)p{~n) . 



7" I 

By Cauchy's inequality 

E-^"^+M7,'.-4p(n)p(~n)| 



mm 
± 



1/2 



1/2 



< E ^" + enVp(n)p(-n) ^ "'"^ ^» " e„2v/p(n)p(-n) 



, n>l 



By , the first factor of the latter product is uniformly bounded on bounded 



sets of q's in n whereas the second factor can be estimated by 



1/2 



1/2 



1/2 



, n>l 



, n>l 



, n>l 



1/2 



is uniformly bounded on bounded 



By 0, Theorem 1.1, (E„>i "'"^bn" 
sets of q's in W whereas by the definition of p(±n) 

\ 1/2 

J2 ^'^ip(±n)p < Mn + iiAiu < Mn + ikii^. 



I ri>l 
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For the latter inequality we used that by [5], Lemma 2.10, ||/3i||jv+i < II 911 w- It 
remains to estimate the second summand on the right hand side of (IT4l) . By 
the definition of p(n) 

n ^ \p{n)p{-n) ~ {q,e }{q,e }\ 

n>l 

<2m\N+l\\q\\N + \\Pl\\%+l 
<2|k||ir(l + |k|k), 

where we again used [9], Lemma 2.10. □ 

For the sequences (t„)„>i the following asymptotic estimates are proved in 
[Si- 
Theorem 2.4. (i) For any q e , N e Z>o, 

T„((j) = m„ + -^^^ (j^g) 

where to„ is given by (jlOp and the error term is uniformly bounded on bounded 
sets of potentials in Hq . 

(ii) For any N G Z>o, there exists an open neighbourhood Wn ^ Hq'c °f 
so that holds on Wn with a locally uniformly bounded error term. 

Combining Theorem 12. II and Theorem 12.41 one obtains 

Corollary 2.1. (i) For any q G , N G Z>o, 

T„ - Ai„ = ((J, cos 2Tmx) + ^^^^ i'i (16) 

where the error term is uniformly bounded on bounded sets of potentials in . 
(ii) For any N G Z>o, there exists an open neighbourhood Wm C H^^ of 
so that (jl6p holds on Wn with a locally uniformly bounded error term. 

Furthermore we need asymptotic estimates for the Floquet exponents, de- 
fined by 

Ac„-log((-l)"y^(l,A^„)). (17) 

Here fin = Pniq) is the n'th Dirichlet eigenvalue of L{q) — — + q with q £ Lq 
and y2{x, A) is the fundamental solution of —y" + qy ~ Xy satisfying 2/2(0, A) = 
and j/2(0jA) = 1. Note that y'2{l,fJ,n) ^ 0. Actually, it turns out that 
(— l)"-2/2(lj /^n) > any q G Lg. Hence log {{— I)" y 2(1, fJ-n)) is well-defined 
with log denoting the principal branch of the logarithm. In fact, there exists 
a neighbourhood W of Lq in Lq so that for g G and any n > 1, K„(q) 
is well-defined by (fT7|). The k„'s have been introduced in [3] and studied for 
square integrable potentials in !2L. Note that for A = /!„ the Floquet matrix 



M(A) 



yi(l,A) y2(l,A) 
y[{l,X) y^(l,A) 
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is lower triangular. Hence y'2{l,fJ-n) is one of the two Floquet multipliers of 
M(iin), the other one being yi(l,/i„) which by the Wronskian identity equals 
1/2/2(1, /in)- In particular it follows that 

= - log ((-l)"2/i(l, /.„)). (18) 

In [12] we prove 

Theorem 2.5. Let N >{). Then for any q in W n H^^' 
i^n^-z — ( (q,sin27rna;) + 



27rn V 

uniformly on hounded subsets of W O H^^. 

Note that in contrast to the asymptotics of the Dirichlet eigenvalues or the 
Neumann eigenvalues, the size of k„ for any q £ is of the order of ^^n+i 
The case = is much simpler and has been treated in |2Ij, p 60. 
Finally we state some applications of the asymptotics of the periodic eigenval- 
ues. For our purposes it suffies to consider potentials g in a sufficiently small 
neighbourhood W of Lq in Lg p. Recall that we denote by A(A) the discriminant 
of —d^ + q and that A^(A) — 4 has the product representation 



A'(A) - 4-4(Ao-A) n 



(A2n — A)(A2n-l — A) 



where 7r„ = mr for any n > 1. Let A(A) — d\A{X). According to Proposition 
B.13 of [To] it also admits a product representation, 

A(A)^-n%^^ 



and the zeros A„ satisfy 

A„ - r„ = 0{jI) (19) 

locally uniformly for q in W. Shrinking W, if necessary, we can assume without 
loss of generality that for any n > 1, A„ e C/„ locally uniformly in W. The 
following estimate improves on the one of Propostition B.13 in [lOj . 



Proposition 2.1. For q in W, 

Xn - T„ = (20) 

n 

locally uniformly on W . On Lq, (j20p is uniformly bounded on bounded subsets 
ofLl 
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Proof. For any given n > 1, write 



where 



A'(A)-4= ' a,.(A) (21) 



Uniformly for A G Un, 



n 



By Corollary 7.1 in [T2], uniformly for X E Un, 



4 n 

hence 

1 



^ 2 
2 ' 



A„(A) = 1 + -^^ (23) 



n 



and by shrinking the size of the isolating neighbourhoods one obtains from 
Cauchy's estimate that 



A„(A) = -il 
n 



uniformly in n > 1, A G ?7,i. By (|2T 

d 



or 



Hence 



= ^L..JA^(A)~4)^ 

A2n-1 ^ A„ + A2n — A„ , • . 
5 

(A2n — A„)(A„ — A2n-l) : v 
2 ^n[\i ) 



= 2(r„ - A„)(l + ^£l) + ( :| - (r„ - A„)^ ) 



(r„ - A„) ( 1 + _^ (^^^ _ 1 ^2\ ^ 71^2 , 
n n I n 
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As by (Uni, T„ - A„ = 0(1) it then follows that 

T _ X _ J_np2 
' n — 

n 

as claimed. Going through the arguments of the proof one sees that (PO)) holds 
locally uniformly on W and uniformly on bounded subsets of Lq. □ 

By Theorem D.l in |10| there exists a sequence {'4'n)n>i of entire functions, 

- ^ n ^ (24) 



SO that 

1 f M>^) 



2n 7r,„ v/^W 



zdX = 5m7i Vm > 1, (25) 



where A2(A) — 4 denotes the canonical root introduced in [10], section 6. 
Recall that r„j denotes a counterclockwise oriented circuit in Um around the 
interval Gm and Tm — {X2m + A2m-i)/2. By Theorem D.l in 10 , for any 
n > 1, the zeros cr^, m ^ n, are real analytic functions of g G so that 
<^m ~ 'Tm — O (7m/fTi) Uniformly for n > 1, and locally uniformly in q E W. 
Moreover one can choose W so that (t"^ G t/m for any n > I, m ^ n, and locally 
uniformly in W. 



Proposition 2.2. Jbr g in W, 



= ^4 (26) 



locally uniformly on W and uniformly in n. On Lq, (I26p zs uniformly bounded 
on bounded subsets of Lq. 

Proof. We drop the superscript in ct" = (crjjj)m^„ for the course of this proof. 
For m ^ n one has 

= / "^"'^ Xm{<^,^)dX (27) 

"'r„ V (A2,„ - A) (A - A2m-i) 

with 

CT„ - A - Ao ^^^^ y{X2j - A)(A2j-i - A) 

and fT„ = r„. For A — m^vr^ + one has uniformly in n > 1, m 7^ n, 

(T„ — m^TT^ A — TO^TT^ 1 „9 

— = 1 H = 1 H r 

cr„ — A cr,, — A m 
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and y/X — Xq = rmi y 1 + -^(.m = (l + m^m) • Furthermore, by Proposition 
7.1 in [H], 

Taking square roots on both sides of (|28|) . one has 

- A ,1 



IX V(A2,-A)(A2,-i-A) 
Altogether we have for A = to^tt^ + A € 



2 



x::.(A) = i + ^^^ (29) 

uniformly in n. The integral 

'^""^ (30) 

Tm V (A2m ^ A)(A — A2m-l) 

can be exphcitly computed. In the case where X2m = A2m_i, one gets from the 
definition of the s-root and Cauchy's formula that the integral equals 2-K{am — 
Tm)- In the case A2m 7^ A2m-i, 

^ dX = 2 '^"'^ dX. 



r„ \/(A2m — A) (A — A2m-l) Aa™-! V(A2m — A)(A — A2m-l) 

By the change of coordinate X = Tm+f^ we get 



<J{X2m-X){X-X2,n-l) J -I J -1 



1 1 



2(crm - T,„) / -^j===dt. 



Therefore in both cases 

If cr,„ — A 



27r7r,„ V(A2,„ - A)(A - A2m-i) 
Hence, by ^ 

0= (cr™-T„)x™(T™) + — / , ^ dX. (31) 

2^"'r„ V(A2m - A)(A - A2m-l) 

As Tm = m^TT^ + 1'^ it follows from that 

X;^(r„0 = l + -4 (32) 
m 
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and, by the Taylor expansion of x"i t,„ and Cauchy's estimate, for A = 
m^TT^ A e [/„ 

A - T„i TO 

Finally as a-,„ - A = 0(7^), A G Gm, one has (ct„ - A)(A - r„i) = 0(7,^J for 
A e Gm- Hence by Lemma M.l in [ID] 

(d™ - A)(X™(A) - Xm(^m))^^ 



\/ ('^2m ~ -^)('^ — A2m-l) 

(an^-A)(A-r^) ^-^"]:g<--) 

G„. \/(A2m — A)(A — A2m-l) 



dA 



-7^ 
TO 

This together with (PT|) gives 



-7^ 

m 



uniformly in n. Going through the arguments of the proof one sees that (j26p 
holds locally uniformly on W and uniformly on bounded subsets of Lg. □ 

3 Asymptotics of actions and angles 



In this section we improve on estimates of the actions and angles obtained in 
[To], section 7 respectively section 8. Let us begin with asymptotics of the 
actions. Recall that is a (sufficiently small) neighbourhood of Lg in Lg^- 
For q in VF, the n'th action variable is defined by 



/„^i / x^^^=d\ (n>l), 

where A(A) is the discriminant, A(A) = 9aA(A) and r„ is a contour around the 
interval G„ {iA2,i-i + (1 — t)A2n| < i < 1} in the isolating neighbourhood 
Un of Gn - see at the end of the introduction or section 7 of [10] for more details. 
First we need to derive improved estimates of the quotient /„/7^, given in |10] . 
Theorem 7.3. 

Proposition 3.1. Locally uniformly on W , the quotient In/in satisfies 

Snnkr = 1 + -£l. (33) 

Moreover 

in= V8W7l=-L(l + iO (34) 
\/TTn n 
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is well-defined as a real analytic, non-vanishing function on W. In particular, 
at q = 0, we have ^„ — for all n > 1. On Lq, (j34l) holds uniformly on 

bounded subsets of Lq. 

Proof. We refer to [TU], section 7, for all notfons, notatfons (and results) not 
explained here. In view of Theorem 7.3 in [TU] it only remains to be shown the 
improved asymptotics p3p . Recall the product expansions 



A2(A)-4 = 4(Ao-A)n 

n>l 



i^2n — A)(A2n-l — A) 



and 



A(A) = 



n>l " 



For A on r„ write 

A(A) 1 A-A^ 



v/A2(A)- 4 27rn ^(A2„ - A)(A - A2„_i) 
where for A e f7„, 



Xn(A) (35) 



V^^^0^_^„ V lA2m - A)(A2m-l - A) 



and where the canonical root A'^{X) — 4 has been introduced earlier. (For 
questions of signs, see section 6 in p^.) Note that for A G [/„, 

TTTT 1 ^ 

= 1 + -Jl (37) 



\/A - Ao n 



Furthermore, by Proposition [2711 the roots A„ of A satisfy A„ = r„ + -^^„ and 
hence, by [12], Proposition 2.1, one has for A G J7„, 



n 



Am — A 



„ \/{^2m — A)(A2m-l ^ A) 



"TT" Am — A T— I- A„i — A 

J- A2m — A -'■J- A2m-1 — A 



or 



= 1 + 



(-1)"-! TT ^ = 1 + 

V(A2m-A)(A2m-l-A) 



(38) 
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Combining ([57]) and ([55]) leads to the estimate 

Xn(A) = 1 + ^^n (39) 

uniformly for A € C/„. Introduce 

Zn = {qeW\ A2„(q) = A2„-i(g)}. 
Arguing as in section 7 of |TD] one gets for q in W \ Zn 

=X«(A)dA. 



2^'" ^r„ ^(A2„-A)(A-A2„-i)' 
Substituting A = r„ + Clnf^ ^^'^ setting Sn — 2(A„ ~ Tn)/^n yields 



where is some circuit in C around [—1, 1]. Thus on \ 



8nn^-^^i f (C-J„)\„(r„ + C^)^ 

= - / (C-'5„)2Xn(T„) 



By Proposition 12. 11 (5„ is well defined on all of W, hence so is the r.h.s. of the 
latter identity. As 

ic-s„f = e + :^il 

n 

Lemma M.l in [10] and ((39|) then imply that 



/ V!, "TLj ^riyn/ r- — i i- — i 



1 + 

n 



By the Taylor expansion of order of %„ at A = r„, Cauchy's estimate, and 
(|39|) to bound Xn(A), one gets 



6nf (xn(r„ + Cy ) - X„(r„)) ^ 



rfC _ 1 ^2 



2 n 
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Altogether, 

^■Kni^hl = i + -el 



n 



and thus 

c„ = -L(i + -a- 



Going through the arguments of the proof one sees that the estimate ([M)) holds 
locally uniformly on W and uniformly on bounded subsets of Lq. □ 



Proposition 13. II leads to the following asymptotics of the action variables. 



Proposition 3.2. Locally uniformly on W (1 



N 



C 



2/„ = ^(g„<7-„ + ^^i). (40) 

On , the error in (|40p is uniformly hounded on hounded suhsets of Hq . 
Proof. By Theorem 12.31 one has 

2 - - 1 1 

Combined with the asymptotics ([55)1 we then get, 

= T^7' f 1 + -il) = — (1 + -el) (qnq-n + -^^n 

Ann \ n J TTn n \ 

or 

TTn \ „ziv-|-i 



Going through the arguments of the proof one sees that holds locally uni- 
formly on n and uniformly on bounded subsets of . □ 

Next we improve on the estimates of the angle variables obtained in [lOj , section 
8. To this end we use the improved estimate of the zeros (cr^)m/n of the entire 
function ipn, 

n _ , hnp2 

m 

of Proposition [221 Recall that Z„ = {q E W\ ^n{q) = 0} where W is the neigh- 
bourhood of Lq in ^ of Theorem 11.31 For q £ W\ Zn denote, as in [10_, by 
0n{q) the n'th angle variable 

0n{q) = Pn,n{q) + Pn{q) and /3„(g) = ^ Pn,k{l) 
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where 



and, for fc 7^ n, 



/3„,„(g) = ^^dA mod27r, (41) 



Pnk{q)^ r -^M^=dX. (42) 



Here /x* is the point (^„, AyA2(^„) — 4) on the affine curve Sg, 

= {(A,z)eC2|z^ = A^(A)-4}, (43) 

with fi„ = ^"(9) denoting the n'th Dirichlet eigenvalue of —d^+q and y^A'^{fin) — 4 
denoting the square root of A^(/i„) — 4 given by 



VA2(/,„)-4-t/i(l,M,0-y2(l,/^n). (44) 

The integral in (j4ip is a straight line integral from (A2n-i,0) to /i* in and 
the one in (j42l) is defined similarly. See section 6 in |TIJ) for more explanations 
concerning the notation. Let us begin by analyzing /3„ in more detail. In 
Lemma 8.2 and Lemma 8.3 of [TU], it is shown that /3„^fc {k 7^ n) is a well defined 
analytic function on W. In Theorem 8.5 of it is shown that /3„ = J^k^o Pri,k 
is absolutely summable on W and with the help of Lemma 8.4 in |10j one proves 
that the following estimate holds. 

Lemma 3.1. Locally uniformly on W , 

/3„ - O (i) . (45) 
On Lq, (|45p holds uniformly on bounded subsets of Lq. 

Next let us consider in more detail. Recall that /3„^„ is defined on W \ Zn 
mod 2tt and is analytic on W \ Zn mod tt. Similarly as in ([35]), we write for A 
near Gn 

^n(A) _ Cn(A) ^^g^ 



v/A(A)2-4 v/(A2„-A)(A-A2„-i) 
where 

The following results improve on the asymptotic estimates of Lemma 9.2 in |10j . 
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Lemma 3.2. (i) Uniformly for A G J7„ 



(a) Uniformly for /i G Gn 



C„(A) = l + -£2. 

n 



(^iiij T/ie error estimates in (i) and (ii) hold locally uniformly on W and are 
uniformly bounded on hounded subsets of Lq. 

Proof (i) Note that by [12], Proposition 2.1 
uniformly for X € Un- With 

A — n^TT^ — Ao 



A - Ao = n^TT^ ( 1 + 



one gets 



j^^^l+ ^-"?r^° ^l + oaV (49) 
Together, (08]) and gg]) yield 

Cn(A) = l + ^£^ (50) 

uniformly for A G t/„. 

(ii) Assume that 7„ 7^ 0. By the normalisation of the ■(/;„-function. 



for the line integral from A2n-i to A2n obtained by deforming r„ to the interval 
[A2n-i, A2„]. By (gH) one then gets for any n e Un 

=.A 



A2„-i i/ {X2n — X){X — A2ri-l) 

u,) .A+r , c»(A)~c.(.) 



'A2„-i \/ (A2n — A) (A — A2ri-l) J \/ (^2^ ^ A)(A — A2n-l) 

By a straightforward computation, 

dA 

A2n-l \/ (A2n — A) (A — A2n-l) 



(51) 
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Combined with Lemma M.l in jlOI . we then obtain 



ICn(M) - 1| 



C„(A) - C„(m) 



A2„-i \/ (A2ii — A) (A — A2n-l) 



dX 



< max |C„(A) - Cn{f^)\- 



(52) 



This bound holds no matter if 7„ ^ or not. Recall that Cn{X) is analytic for 
A in Un- Hence one concludes from ((50|) and Cauchy's estimate that 

uniformly for fi G Un and thus by the mean value theorem, for q (z W and 
/X e G„, 

max|C„(A)-Cn(M)l<— 
AeG„ n 

uniformly for fj, G G„ as claimed. This combined with (15^ shows (ii). 

(iii) Going through the arguments of the proofs of (i) and (ii) one sees that 
the estimates hold locally uniformly on W and uniformly on bounded subsets 
ofLg. 

□ 

Instead of describing the improved asymptotics of /3n,n, we directly study 
the asymptotics of , defined onW\ Zn by 



(53) 



This is the topic of the following section. 



4 Asymptotics of 

The purpose of this section is to prove sharp asymptotic estimates of z^ . First 
note that it was shown in [TU] that z^, given by ([5^ . analytically extend to all 
of - see formula (9.4) in [TU] . 

Proposition 4.1. For N e Z>o, let Wn QW C] Hq^ be the neighbourhood of 
given in Theorem \2.4\ For any q £ Wn, 

locally uniformly on W D F[^f^. On Hq , the error is uniformly bounded on 
hounded subsets of . 

First we need to make some preparations. Assume that g G W \ Zn- Then 
,t^,„»p(±.£_-^.A), ,54, 
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If Hn = A2„_i, then = 7„ whereas if = A2„, then = -7„ by the 
normahzation of ipn- By Lemma 9.1 in |10| . are analytic functions on. W\Zn- 
In the case where fin ^ {A2n,A2„_i}, we choose as path of integration the 
interval [A2n-i, fJ-n] in C and obtain the following formula 



where for A in [A2n-i, Mn], \/ A(A)^ — 4 is defined to be the continuous function 
on [A2n-i, A2n] with sign determined by 



As, by assumption, ^„ ^ {A2„, A2„--i}, the root \/A(A)2 — 4 is well-defined. In 
analogy with formula (|46p define 

Cn(A) 



</i^2n - A)(A - A2„_i) := v/A(A)2 - 4 • ^f^, A e [A2„-i, m„]. (56) 



As ^A(^„)2 _ 4 = 2/i(l,/i„) — 2/2(1; Mn) is defined on all of 14^ and analytic 
there, \/ (A2n — fJ-n){fin — A2n-i) analytically extends to Vl^ as well and 

^" = (^^ £1 v/(A.»-A)(A-A2„-.) '') ■ ^''^ 

To obtain the claimed estimates for , we write z^ as a product 

= ^i^^^n and z- = ■u,^!',; (58) 

where 



u 



± 



Jx2^-l \/ (A2n - A) (A - A2n-l) j ^ 



and 



\ "'A2,.-i V iA2n - A)(A - A2,i-l) J 

Arguing as in the proof of Lemma 9.1 in |10j one concludes that are analytic 
on W \ Z„. Together with the analyticity of z^ on \ Zn it then follows that 
are analytic on \ Z„ as well. For q £ W \ Zn with /i„ = A2ri-i, one easily 
sees that 

ut = 7n and u,^ = 1. (61) 
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A straightforward computation shows that for q € W \ Zn with /i„ = 

Un^-ln V^ = l. (62) 

We win see that both, and , continuously extend to all of W and that 
they admit asymptotics for n oo which allow to prove the asymptotics of , 
claimed in Proposition l4.1l The quantities and will be studied separately. 
Let us begin with the m^'s. To this end introduce for any q in W, 

A„(A)=4^I II '-:^^\ I II - |. (63) 




Hence for A in [/„, the principal branch of the square root ^A„(A) is well- 
defined. Furthermore recall that in section 4, we have introduced for any n > 1 
and q €W 

«„((?)= log (-l)"y^(l,M„) (64) 

where /Xn = fJ^niq) is the n'th Dirichlet eigenvalue. Here log denotes the principal 
branch of the logarithm. 

Proposition 4.2. For any n > 1 and q E W \ Zn 

= 2{Tn - Hn) ±'i—-^==2sinhKn. (65) 
In particular, for any n> 1, extend analytically to all ofW. For q €E Zn, 



u 



± = 2(r„ - Mn) ± 2i V-K-/Xn)^. (66) 



Remark 4.1. In Appendix A, Proposition^^ is used to derive the formula for 
the differential of the Birkhoff map at q ~ Q by a short calculation. 



Proof of Proposition By the definition (1641) of k„, 

2sinh^„ = (-l)"y^(l,Ai„) - ((-1)"2/^(1,^„))-' = (-l)"-iVA(Mn)'-4. 
Recall that by (PTt . 



A2(A) - 4 = i^H!i^^)%^^H!l^A„(A). (67) 

TT 
" n 

By the definition (|47)) of Cri(A) and the definition (|4T|) of T/^n one sees that for g 
real , Cn(M«) > and (— l)"^^V'n(A^n) > 0. Hence by the definition ((55|) of the 
root \/ (A2n — A)(A — A2n-i) it follows that for q real 
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As both sides of the last identity are analytic on W it holds for any q £ W . 
Hence it is to prove that 



= 2(r„ - /i„) ± 2z y (A2„ - - ^2n-l)- (68) 

In the case where ^„ = A2„-i, one obtains from (IBTI) that the left and right 
hand side of are equal to 7„. If = A2„, by ([5^ . both sides of equal 
— 7„. It remains to verify for g € W\Zn with ^„ ^ {A2„, A2n-i}. Without 
loss of generality we may assume that |/^„ — A2n-i| < \nn — ^2n\- Otherwise, 
we exchange the role of A2ra-i and A2n and note that this will not change the 
value of u^. Denote by y„ C {/„ a (small) open neighbourhood of (A2n— i^/^n] 
which does not contain A2n-i nor A2n- There, the root \/ (A2„ — /i)(/^ — A2n-i), 
defined on [A2n-i,/i„], continuously extends to Vn U {A2ra-i}- We again denote 
it by y/ (A2n — — A2n-i)- Furthermore, for n GVn, introduce 

Cf^ dA \ 

J\2r.-l </ (A2n - A)(A - A2„-l) J 

and 

gti^i)--2{Tn-^l)±2i^/iX^~JLj{l^^'X^^. (70) 

Then 



a^/±(A*) = ±/,t(A*)- 



v/(^2n - Ai)(Ai - A2„-l) 

and 



\/(A2„ - /-i)(Ai - A2„-i) 

Hence and satisfy the same 1st order differential equation and have the 
same value at = A2n-i- Hence 

/,l(A^) = ff,t(M) V/.eK. (71) 

In particular /^(/in) — g,t(/^ri)- Similarly one has /^(/in) = g^{^n) and the 
identity (|68l) is proved. 

Note that the right hand side of (|65l) is defined on all of W. By the analyticity 
of yj{l,X,q) {j = 1,2) on C X W, the analyticity of r„,/i„,K„ on W, and the 
analyticity of An{X,q) on J7„ x W, it then follows that the right hand side of 
(|65|) is analytic on W. Formula (|66l) is obtained from (l68t . □ 



As an application of Proposition 14.21 and the asymptotics of section 3 and 
section 4 we obtain 
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Corollary 4.1. For q in Wn with Wn QWH H^^^ given as in Corollarv \2.1[ 

1 



i„ = 2(g, cos 27rnx) ± 2i(g, sin27rna;) 



N+l " 



locally uniformly on Wn- On Hq , the error is uniformly hounded on hounded 
suhsets of Hq . 

Proof of Corollary \4-l\ By Proposition H^l for q G W, 

27m 
^A„(/x„) 



+ , , 27m . 

M„ = 2(t„ - fin) ± i =2sinhK„. 



By Theorem [231 for g in n i/g^C' 

and the Taylor expansion of sinh z at z = then yields 

1 . , > 1 



sinhK„ = ((7,sin27ma; 



/>2 



27m V' ' n^+i 

According to [12^, Corollary 7.1, A„(A) = 1 + and hence 

uniformly for AG Un- Furthermore, by Corollary 12. II for q G Wn, 

^{Tn - fin) = 2(g,cos27ma;) + ^^^^ f-n- 
Altogether we get for q in Wn 



u± =2(g,cos2™x) + ^^il ± 2z (^1 + (^{q,s\n2^nx) + ^^^l^ 

—2{q,cos2TTnx) ± 2i(q, sin27ma;) H ^^^n 

as claimed. Going through the arguments of the proof one sees that the estimate 
holds locally uniformly on Wn and uniformly on bounded subsets of . 

□ 

It remains to analyze the asymptotics for ■ We need the following auxiliary 
result. 

Lemma 4.1. For q in W \ Zn with |/i„ — A2n-i| ^ IfJ-n — ^2n\ 



A2„-i •{/ (A2n — A)(A — A2n-l) 



zdA 



< (l/^n - T„| + |7n|) sup |Cn(A)| 

Ae[A2,.-i,Ai„] 

(72) 
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and 



-.dX 



< 3 (|^„ - r„| + |7„|) sup j — j 

AeG„ l7n| 



(73) 



IflfJ-n- A2„-i| > \fJ-n- A2„|, (Ull) and ([73]) hold if the roles of \2n-1 and A2„ 
are interchanged. 



(74) 



Proof of Lemma \4^ First, assume that q £ W \ Zn and 



This implies that /i„ ^ A2ri- If = ^2n-i then (|72p and (|73p hold as their 
left-hand sides vanish. Now assume that /i„ ^ X2n-i- By the mean value 
theorem 



Cn(A) = /„(A)(A - A2„-l) + Cn(A2n_l) 



(75) 



where for A in Un 



Hence 



/n(A) = / Cn (A2«-l + s(A - A2„-l)) ds. 



sup |/ri(A)| < sup 

Ae[A2„-i,Mr.] Ae[A2„_i,Air.] 



(76) 



(Here we assume (without loss of generality) that J7„ is convex.) It follows from 
([751) tl^ati with A(t) = A2„-i + t{fin - A2„-i), 



Cn(A) — Cn(A2n-l) 
A2„-i \/ {■^2n ^ A)(A — A2n-l) 



dX 



fn{X) ^"^Z ^ (/X„ - A2„_l)(it 



V A2n — A 

In view of \X{t) - A2„-i| < \X{t) - A2„| for any 0<t<l and thus 



^ fn{X)^ A — A2n- 
V A2n — A 



-(/^ri ~ A2,i-l)(it 



<|A*n-A2„-l| sup |/n(A)|. 

Ae[A2„-i,Ai,>] 

As — A2n-i| < IM" ~ "^"1 + l7n|/2, the claimed estimate (|72|) then follows 
from ll76l). Next consider the term 



(Cn(A2„-l) - 1) 



dX 



A2„-i \/ (A2n — A)(A — A2„-l) 
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To estimate the integral, let X{t) = X2n-i + t{^in — ^2,1-1) to get 



dX 



^ \J li-n — A2n-1 (it 



<V2 



2|Mri - A2„-l|^ 



(77) 



where we used again that by (|74|) . |A2n — A(t)| > |7n/2| for < t < 1. In view 
of Lemma 13.21 (ii) and as 

11 3 

2|Ain - A2„-l|2 |7„|5 < _ A2„_l| + |7n| < Ia*" - "^k I + 2IT"I 

the claimed estimate (|73|) follows. The case when |/i„ — A2n-i| > |/in — A2n| is 
treated in a similar way. □ 

Corollary 4.2. For an?/ n > \, v'^ and continuously extend to all of W . 
These extensions are again denoted by . For q £ Zn with fi„ 7^ Tn 



exp ±z 



^" UX)-UTn) 

„ v/-(r„-A)2 



(78) 



dA 



Proo/ 0/ Corollary \4-2\ Let g G Z„ with /x„ 7^ r„ . It follows from p5|) , dM 
and dSJ) that for q e \ Z„, 



whereas for q G Z„ wit/i = t„ , w„ = 1 



C«(A) - 1 



A2„-i \/ (A2n ^ A)(A — A2n-l) 



zdA = 



(79) 



for any choice of the sign of the root. In particular, (|79p holds for the *-root 
and thus 



Cn(A) - 1 



Cn(A) - 1 



A2,i-i \/ (A2n — A) (A — A2,i-l) JA2„ \/ (A2n — A) (A — A2ri-l) 

Hence without loss of generality we may assume that |/i„ A2„-i| < l/^n ~ A2ri| 
for g, as otherwise we simply interchange the role of A2n and A2n-i in (150)) . 
Moreover, we may assume that the isolating neighbourhood C/„ of q is also an 
isolating neighbourhood of p for any p in some neighbourhood Wq of q. To 
compute the limit \imp^g_ pf=^r^\Zn "^n split 



C«(A) - 1 



-.dX 



'a2„-i \/ (A2n — A) (A — A2n-l) 

into two parts by writing 

C„(A) - 1 = (C„(A) - C«(A2„-l)) + (Cn(A2„-l) - 1). 
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Then 



P^1,P&W,\Z,J^^^_^ ^(A2„- A)(A-A2„-l) 7r„ vM^v^^A)2 

and in view of Lemma 13.21 and (|77|) , 



P=9 



lim / ^"^^^"-^^'^ -^^ = 0. 



p^g,peW,\Z„ |m„-A2„-i|<|A2„-a.„| 7a2„-i \/(A2„ - A) (A - A2ri-l) 

By the same reason the integral 

Cn(A2n) - 1 

d\ 

A2n V (A2ri — A) (A — A2n-l) 

converges to zero asp q forp G Wq with — A2„_i| > |A2,i— /i„|. Altogether 
we thus have shown that 

lim «±(p) = exp { ±1 r ^^l=H^dA^ 

as claimed. Now let us consider the case where q e Z„ with = r„ . From (|78p 
one concludes that 

and from Lemma 14.11 and Lemma 13.21 one sees that 

□ 

It remains to study the asymptotics of u^, now defined on all of W . 
Corollary 4.3. For q in W 

«± - 1 + (80) 
locally uniformly on W . On Lq, (|80p /loZds uniformly on bounded subsets of Lq. 



Proof of Corollary \4-3\ We want to apply Lemma 14.11 First note that in view 
of Corollary 14.21 the estimates of Lemma 14.11 hold on all of W, not only on 
W \ Zn- Furthermore, by shrinking the isolating neighbourhoods we get from 
Lemma [5?^ and Cauchy's estimate 

sup |c„(A)| = -el 

By Lemma [321 

AeG„ hn\ n 

Using that — 1| < Ixje'^l, the claimed estimate then follows indeed from 
Lemma |4?T] Going through the arguments of the proof one sees that (|80l) holds 
locally uniformly on W and uniformly on bounded subsets of Lq. □ 
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Proof of Proposition \41\ By Corollary 14.21 and Lemma 14.11 and are de- 
fined and continuous on W for any n>\. Hence the identities (l58l) extend to 
all of W, 

Zn'^u+v+ and = u^v:^ . (81) 
By Corollary UTT] and Corollary 14.31 it follows that for q in Wn, 

= ( 2(q, cos 27mx) ± 2i(g, sin 27rnx) + -^rrf-l] ( 1 + -^i 



--2q 



1 



n 



Going through the arguments of the proof one sees that the estimate holds 
locally uniformly on Wn and uniformly on bounded subsets of . This proves 
Proposition 14.11 □ 

5 Proof of Theorem 11.41 

In this section we prove the asymptotics of the Birkhoff map claimed in Theorem 
11.41 and use them to derive further properties of this map. 

Proof of Theorem\r^ For any iV e Z>o, let Wn ^ W r\ H^j. be the neigh- 
bourhood of given by Theorem 12.41 For any q e W, is given by 
$(5) = {zn{q))„^o, where for any n > 1, 

z„„ = Xn + iyn = S.n^e'^" , and Zn = a;„ - iy„ = ^e"**^" . (82) 



By Proposition 13. II and Lemma 1371 



U = ^(l + -^l) and e'A>=l + 0(i) (83) 
Jnn \ n I \n' 



+ (84) 



whereas by Proposition HTTJ for q e Wn, 

z+ 

— - a 4 



Hence 

1 



9-r 



fV+1 " 



A similar estimate holds for z„. Note that all the asymptotic estimates referred 
to hold locally uniformly on Wn- As by Theorem 11.31 z±n are analytic on W 
for any n > 1 it follows from Theorem A.5 in [TD] that ^ - <^o : Wn ^ be "^^^^ 
is analytic. This proves the first part of Theorem 11.41 

Going through the above arguments and using that by Proposition 13.11 
Lemma 13.11 and Proposition 14.11 the estimates (|83)) and ((84)) hold uniformly 
on bounded sets of , it follows that A := ($ - $0) : ^ [3W+3/2 
bounded. □ 
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Proposition 5.1. Let N e Z>o. The restriction o/ to f)^+i/2 is of the 
form = $0 ^ + B, with B = -$o ^ o ^ o B is a map from ()^+i/2 

Hq^^ . It is hounded and real analytic. 

Proof. First let us verify the formula for B. Clearly, it follows from 
/c?(,jv+i/2 = ($0 + A)o = /d(jjv+i/2 + ^qo B + Ao <i>"^ 

that 

As B is given by the composition of real analytic maps, 

it is itself real analytic. It remains to prove that for any N e Z>o, B : fi^+^Z^ — > 
ffN+i bounded. First note that for any N G Z>o, the inverse of the weighted 
Fourier transform : fi^+i/^ — > and, by Theorem II. 4[ the nonlinear 
map A : — >■ f)^+3/2 are bounded for any N e Z>o. Furthermore, the 
boundedness of : fi^+^Z^ -> iJ^ follows, in the case = 0, from the 
identity X]n>i ^^rn/n — |||9||l2, established in [TU], Theorem E.l, and, in the 
case N G Z>i, from [TS], Theorem 2.4 and Theorem 2.6. More precisely, in [IS] 
it is shown that for any q g with Ao(g) = and N G Z>i, ||9^q||i2 can be 
bounded in terms of || Jn((?)||(,w+i/2. Note that for any p S ^^o^, q = p — Xo{p) 
satisfies Xoil) — and hence, as > 1, ||(9^q||i2 = ||9^p||£,2. Furthermore, 
the quantities (J^(g))„>i, introduced in [15], formula (1.2), can be shown to 
coincide with the action variables {Inip))n>i, introduced in jlOj (cf formula 
(7.2)). Combining these results it follows that B = -^^^ o Ao^-^ : ()^+i/2 ^ 
is bounded for any A^ e Z>o. □ 

By Cauchy's estimate. Theorem 11.41 vields the following asymptotics of the dif- 
ferential of $. 

Corollary 5.1. For any q G Wn with N > 0, the differential of the Birkhoff 
map 

satisfies the asymptotic estimate 



d,$(/) = ( ^/„ + 7^„(/) 



where 



As an immediate application of Corollarv 15 . 1 1 we obtain 
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Corollary 5.2. For any q £ Wn with N >0, 

is a compact perturbation of the (weighted) Fourier transform. In particular, it 
satisfies the Fredholm alternative. 

Corollarv l5.2l is already proved in |10] . The proof argues by approximation and 
uses quite complicated computations. It is based on the fact that the set of 
finite gap potentials is dense in . In the set-up presented here, its proof is 
straightforward given the asymptotic estimates stated in section 2. 

6 Proof of Theorem 11.11 and Theorem 11.21 

In this section we prove Theorem 11.11 and Theorem 11.21 First we need to derive 
some auxilary results. Let N G Z>o and c G M be given. For any q in , write 
q = p + c where p € Hq and q{x)dx = qo = c. Then 

n{p + c) = n{p) +3c [ p^dx + 

Note that i p^dx is the second Hamiltonian in the KdV hierarchy. By Par- 
seval's identity for KdV (cf [10] , Appendix E) 



1 

- I p'^dx = 27rn/„ 



n>l 

and thus the KdV frequencies satisfy 

w„((?) = a;„(p) + 12cn7r Vn > 1, (85) 
and the KdV flow is given by 

u{t) = S'{q) = Sl{p) + c (86) 
where 5* denotes the flow on corresponding to the Hamiltonian 



ndp) ■.= n{p)+3c [ p^dx. 

Jo 



The equations of motion corresponding to He read, when expressed in BirkhofF 
coordinates {zn)n^o, 

Zn = iw^Zn and i_„ = -iw^2_„ 

where 

= (p) = w„ (p) + Ucnn. (87) 
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Define wl„ := -u^ {n>l). Then 

v{t) ^ nliz) = (e'<*2„) (88) 

is the flow of He expressed in (complex) BirkhofF coordinates. Here, by a shght 
abuse of terminology, is viewed as a function of z. Note that $ conjugates 
the flow maps 5* and n*, 

Si = of]* o$. 

With B := - we get 

5"* = $0 ^ o f]* o $ + B o f]* o $. (89) 
We now analyse the map $q ^ o f2* o $ in more detail. First note that for any 

<i>o-i(^)(x) = ^/K^z„e2— . 

Hence for any p £ and t,c G M, 

$0-1 o o $(p) = J2 e*""*v^^«(p)e2""^ (90) 

where {zn{p))n^o — ^{p)- For the proof of item (i) of Theorem ll.il we need to 
consider the KdV flow on all of . For any t G R, introduce 

£;* : iJ^ X (,^+1/2 ^ ^ (e-"(«)*z„)„^o. 

Denoting by H the projection H : — > Hq , qi-^ q — qo it follows that for any 

E\q, $ o n(q)) = (e-"(«)*z„(n(g)))„^o = o $(n(9)). (91) 

Lemma 6.1. For any given N e Z>o anrf i G M, i/ie map i?* : x — >. 
PjAr+i/2 continuous. 

Proof. For any g,p G iJ^, z, w G t)^"'"^/^, and for any K > one has 

\\E\q, z) - E\p,w)\\l^,i, = E l"P^+'|e^""'^)*^n - e-"(P)*«;„p. 

As the KdV frequencies are real valued functions on 



<2|z„ - u;„p + 2|1 - e»(""(p)-""('j))t|2|y;^ |2 
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and hence 

\n\>K 

+2 l«P'^+'|e'(""^P^~""^''"*-l|>n|'- (92) 

Q<\n\<K 

By m. 

a;„(p) - w„(g) = 12n7r(|5 - g)o + 0(1) 

locally uniformly on H^y^H^ . Moreover, it follows from ([85]) and [14|, Theorem 
1.9 that for any n ^ 0, the n'th frequency w„ : — > M is continuous. This 
combined with implies the statement of the lemma. □ 

Proof of Theorem[Tj[ Let N e Z>o. For any q £ H'^ let p = U{q) = q - qa. 
Then by dHU) and ([Ml), with c = qo, 

S*{q) ^ Slip) + c = o f]* o $(p) + S o 17* o $(p) + c. 
Substituting $ = $0 + A into $0 ^ o fi* o then yields 

$0 1 o ri* o = e^""*p„e2"™" + $-1 o nl o A(p) 

n5>tO 

where by a slight abuse of terminology we denote by J7* o yl(p) the element 
nl o A(p) = (e*""'^^*a«(p))„_^o and A{p) = (a„(p))„_^o. Taking into account 
that for any n 7^ 0, g„ = and a;^(p) = w„(g) we conclude 

i?*(g) =S'{q) - Y e'""*(7„e2^™^ 

= Bol7*o$(p) + $-iol7*oA(p). (93) 

Statements (ii) and (iii) of Theorem 11.11 then follow from Theorem 11.41 Propo- 
sition 15.11 and the boundedness of $ = $0 + ^- To prove item (i) note that by 
([9T1) and ([93]), 

R\q) - {B o E'){q, $ o n(g)) + o i?*)(9, A o U{q)). (94) 

It then follows from Lemma 16.11 Theorem 11.41 and Proposition 15.11 that i?* is 
continuous. 

To prove statement (iv) write for n e Z arbitrary, 
where ujq := and 

p„{t) := Rl{q)e-^--K 
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By the definition of i?*, Roiq) = implying that po{t) vanishes identically. 
Moreover p„(0) = for any n g Z as R^{q) = 0. Clearly dtUn{t) — iujnUn{t) + 
e^^^^dtPn{t) and when substituted into the KdV equation 

—dtUn{t) + SiTT'^n^iinit) + 6i7rn^^-Ui(i)u„_i(t) — 0, 

one gets 
or 

ie''^-*dtpn{t) =K - 8T:^n^)un{t) - u,(t){t„_,(i). (95) 

I 

Recall from [TIT, p 229 

= 8^n(T„ + Ao/2 - ^ {a^, - r^)), (96) 

m>l 

where Ao, Tn, and crjjj have been introduced either in Section[T]or Section[2] For 
iV > 1, ^ is compact. As — R, g H' Ao(<?) is continuous, it then 
follows that — >■ IR : g H' Ao (g) is compact. By Theorem 12.41 

- I 2 2 I 1 /)2 

n 

whereas by Proposition 12.21 and Theorem 12. 31 . uniformly in n 

rr" — T- —Jm.f'^ — /■! 

m m ^ 

Both asymptotic estimates hold uniformly on bounded subsets of . Hence 
formula (|96p leads to the asymptotics 

u;„{q) = STT^n^ + 0{n) (97) 

uniformly on bounded subsets of and statement (iv) follows. □ 

Remark 6.1. As pointed out in Remark ] 1.1[ the restrictions of R^ and dfR* 
to are real analytic. To formulate this result more precisely, for any c € R, 
denote by the complexification of , 

H^,C--^U^H^\ f\{x)dx^c}^c + H^^c- 
Jo 

Note that is not an open complex neighbourhood of in as for q 

in -ff^c the value of qo is kept fixed. Let E be a real Banach space and denote 
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by Ec its complexification. A map f : E is said to be real analytic if f 

extends to an analytic map f : W ^ Ec where W is an open neigbourhood of 
He in H^^. In view of the fact mentioned above that i?g = for any t gM., R* 
maps into H^^^ and dtR^ maps into Hq^^ . Theorem \l.l\ can then 
be amended as follows: 

(v) for any N G Z>o and c G K, -R*^iv • He ^ ^o^^ '^^'^^ analytic; 

(vi) for any N G Z>i and c G K, dtR^^j^N '■ H^ H^^^ is real analytic. 

To see that -R*^jv is real analytic, note that it follows from ^ll, Theorem 1 and 
formula (1851) that for any q G H^ , 

ujn{q) = STT^n^ + Ucmr + 0(1), (98) 

locally uniformly in a complex neighbourhood V of H^ in H^^ and that for any 
n > 1, UJn is real analytic on V . One then concludes that for any t G M 

is analytic. Together with the analyticity of $ as well as <^"^ and hence of 
B = <^~^ — $Q it then follows from (1941) that -R|^jv is real analytic. The 
analyticity of dtR^^fjN stated in item (vi) is proved in a similar fashion. 

We now turn to the proof of Theorem 11.21 

Proof of Theorem M.SX Let e, M > be given and let q G H^ satisfy < 
M. Apply {Id - Pl) to S\q) = E„6Z e^""*g„e2-™- + R\q), 

{Id - PL)S\q) = e^""*'?ne2-"'^ + {Id - PL)R\q). 

\n\>L 

Note that 

II e-"*g„e2.^n.||^„ ^ ||(/d - Pi)q||^«. (99) 

|n|>L 

By Theorem O (iii), Bm := {R\p)\ t G M, p £ H^ , \\p\\h^ < M} is bounded 
in H^^^ and thus by the Sobolev embedding theorem relatively compact in 
H^ . Hence there exists G N such that for any L> Li, 

\\{Id-PL)r\\HN <e -ire Em. 

Thus 

\\{Id-PL)S\q)\\HN <\\{Id- Pl)ci\\hn + \\{Id~ PL)R\q)\\H- 
<\\{Id-PL)q\\H- +^ 

and 

\\{Id-PL)S\q)\\H« > \\{Id-PL)q\\H- -e. 

□ 
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There are other ways of approximating the KdV flow than the one considered 
in Theorem 11.21 As an ahernative to the projection of the solution of KdV 
onto the space of trigonometric polynomials of order L one could involve the 
orthogonal projection Ql '■ f)^^^ t)^^^ onto the 2L dimensional R-vector space 

{{zk)kMzk = oy\k\> L} 

and study 

$-1 o o $ o Slip) ^ oQloQIo $(p). 

Results similar to the ones of Theorem 11.21 can be obtained for such a type of 
approximation. 



7 Appendix A 

In this appendix we use Proposition to derive the formula for the differential 
of the Birkhoff map at q = by a short calculation - see [10] for an alternative, 
but lengthier derivation. Recall from (|8T|) and ((82)) that 



By Proposition 



= (t„ - Mn) + i— 7=== smh Kr. 



For g = 0, t„ - = 0, k„ = 0, w+ = 1 (Corollary US]), e« = 7= (M, 
Theorem 7.3), /3„ = ([TIT, Lemma 8.4), and iJ-n, ^2n, ^2n~i all coincide and 
are equal to Tr^n^. Therefore, for A near n^7r^, A 7^ n^7r^, 

^ 4A /^TT m^TT^-x Y f n^n^ \^ 
-^2^2 I 11^ ^2^2 I [^2^2 _x) 

4A f smVxV {n'^nY 



^T^^ \ y/X J (n7r + V^)2(n7r- VA)2 

/ \ 2 

An^Tr"^ I sinVA \ 



As a consequence 



(riTT + VA)^ \ \/A — nTT 



lim A„(A)|,=o = 1- 

A— fn^ 7r^ 



Hence 



99(Z-„)|9=0 =-^95«/2)|q=o 



(9g(r„ - /Lt„) + i27rncoshK„ • SqKn) |g=o- (100) 
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Note that at g = 0, K„ = and hence coshK„ = 1. Furthermore 
At g = 0, 

2/2(1- Mn) = COSriTT = (-1)" 

and 

sin ^/Xx 



= 0. 

A— n^TT^ .a; — 1 



Moreover (see e.g. [TOJ , p 195) 

,, , ,, 2 2\ sinnTra; (—1)" . 

Oqy2(l, iJ-n) =J/2(li" ^ jcosriTTx — — sm znTTa; 

riTT zriTT 

and thus 

27rncoshK„ • dqKn\q=o — sin2n7ra;. (101) 
Next let us compute 9g(T„ — /i„) at q = 0. Using Riesz projectors one has, for 



any q near 0, 



and 



M„=Tr(^^^ X{X-LD{q))-^dX 
2T„ = Tr(^^^ X{X-Lp{q))-^dX 



where r„ is a counterclockwise oriented contour around n^7r^ and L^iq) [Lp{q)] 
is the operator L{q) = —d^ + q considered on the space Hq[0, 1] [_ff^(]R/2Z, M)]. 
Then 

{dqfi,,,h) =Ti-(^ [ X{X- LDiq)r'h{X- LD{q))-'dX 

At g = 0, 72 sin riTTx is the i^-normalized eigenfunction corresponding to /i„ = 
n^TT^. Hence 

If A 

(d„fin,h) =(\/2smm:x, - — / 7- /tA/2 sin n7ra;(jA) 

27ri 7p^^ (A — w'tt^)^ 

h{x) sin^ mrxdx. 

Similarly at q — 0, \/2 cos rnrx and y/2sinmTX are an orthonormal basis of the 
eigenspace of Lper{q) corresponding to the periodic eigenvalue A2n = A2n-i = 
n^TT^. Hence 

If X 

(2Tn,h) =(\/2smmrx, - — / „ „. „ fe\/2sinn7rx(iA) 

2tti (A — w'tt-')^ 

If X 

+ {\/2 cos rnrx, / /t\/2sinn7ra:(jA) 

zni Jy^ (A — n^TT^)^ 



1 

2 I „2 , 



ft-(a;)2(sin mrx + cos mrx)dx. 
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As 2 sin^ riTTx = 1 — cos 2m:x it then follows that 

dq{Tn — fin) = COS2mTX. (102) 

Combining pU(I)) -pII ^ then yields 

d Z I n — ^ „i2-!rnx 
'-'q^—nlq—O — / ^ 

Similar computations lead to 
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